ESTIMATES FOR SINGULAR INTEGRALS ALONG SURFACES 

OF REVOLUTION 



SHUICHI SATO 



Abstract. We prove certain estimates (1 < p < oo) for non-isotropic sin- 
gular integrals along surfaces of revolution. The singular integrals are defined 
by rough kernels. As an application we obtain LP boundedness of the singular 
integrals under a sharp size condition on their kernels. We also prove a certain 
estimate for a trigonometric integral, which is useful in studying non-isotropic 
singular integrals. 

1. Introduction 

Let P be an n X n real matrix whose eigenvalues have positive real parts. Let 
7 = trace P. Define a dilation group {At}t>o on R" by At = = exp((log t)P). 
We assume n > 2. There is a non- negative function r on M" associated with 
{At}t>o- The function r is continuous on M" and infinitely differentiable in R"\{0}; 
furthermore it satisfies 

(1) r{Atx) = tr{x) for aU t > and x e M"; 

(2) r{x + y) < C{r{x) + r{y)) for some C > 0; 

(3) if S = {a; G R" : r{x) = 1}, then E = {6* G M" : {B9, 9) = 1} for a positive 
symmetric matrix B, where (•, ■) denotes the inner product in R". 

Also, we have dx = dadt, that is, 

f{x)dx^ f f f{At0)t^-^da{9)dt 

Jo JT. 

for appropriate functions /, where da is a C°° measure on E. See [21 [131 [l2] for 
more details. 

Let J7 be locally integrable in R" \ {0} and homogeneous of degree with respect 
to the dilation group {At}, that is, ^{Atx) = Q.{x) for x ^ 0. We assume that 



n{e)da{e) ^ o. 



s 



For s > 1, let denote the collection of measurable functions h on R+ = {t G 
t > 0} satisfying 

\h{t)Ydt/t\ <oo. 



|/i||a, = sup / 



where Z denotes the set of integers. We define ||/i||aoo as usual (||/i||aoc = II^IU°=(R+))- 
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Let r : [0,00) — + M™ be a continuous mapping satisfying r(0) = 0. We define a 
singular integral operator along the surface {y,T{r{y))) by 

(1.1) T/(x,z) = p.v. / f{x-y,z-Tiriy)))K{y)dy 

= lini / f{x-y,z-T{r{y)))K{y)dy, 

where K{y) — h{r{y))n{y')r{y)~^ , y' — A^fy-^-iy and h e Ai. We assume that the 
principal value integral in (1.1) exists for every (x, z) e R" xM™ and / e S(M" xM™) 
(the Schwartz class). 

We denote by L\ogL{Yj) the Zygmund class of all those functions il on S which 
satisfy 

/ \vi{e)\\og{2 + \n{e)\)d(T{e) <oo. 

Also, we consider the L'^iYi) spaces and write = {j^\^l{e)\i da{6)Y''^ for 

VI S i'(5]) (||ri||oc- is defined as usual). 
Let 

Mrg(z) = sup i?" W \g{z-T{t))\dt. 

R>0 Jo 

We assume that the maximal operator Mr is bounded on LP(M™) for all p > 1. See 
[l5l [TT] for examples of such functions F. 
In this note we prove the following. 

Theorem 1. Let T be as in (1.1). Suppose that fl S L'^i'S) for some q € (1, 2] and 
h G As for some s > 1. Then, we have 

< C,(g - l)-il7||,||/i||Aj|,/||LP(K"+™) 

if \l/p — 1/2| < min(l/s', 1/2), where 1/s' + 1/s — 1 and the constant Cp is 
independent of q and Q. 

Theorem 2. Suppose fl e LlogL(E) and h E As for some s > 1. Then, T is 
bounded on LP(M"+") i/ |l/p - 1/2| < min(l/s', 1/2). 

Theorem 2 follows from Theorem 1 by an extrapolation method. When r{x) = \x\ 
(the Euclid norm), m = 1 and F is a C^, convex, increasing function. Theorem 2 
was proved in A. Al-Salman and Y. Pan |T] (see [U Theorem 4.1] and also [TU] for 
a related result). In yy, it is noted that the estimates as 5 ^ 1 of Theorem 1 (in 
their setting) can be used through extrapolation to prove the boundcdness of 
[U Theorem 4.1], although such estimates are yet to be proved. In this note, we 
are able to prove Theorem 1 and apply it to prove Theorem 2. 

If F = (F is identically 0) , then T essentially reduces to the lower dimensional 
singular integral 

(1.2) 5/(a;)=p.v. / f{x-y)K{y)dy. 
For this singular integral we have the following. 

Theorem 3. Let Q, G L'^{Yj) and h G Ag for some q,s G (1, 2]. Then we have 

||^/||lp(K") < Cp{q - l)-\s - l)-'m\,\\h\\Aj\f\\L.iR^) 

for all p G (1, 00), where the constant Cp is independent of q, s, 57 and h. 



SINGULAR INTEGRALS ALONG SURFACES OF REVOLUTION 



3 



For a > 0, let 

La{h) = sup / \hir)\ (log(2 + \hir)\)r dr/r. 

We define a class La to be the space of all those measurable functions h on M_|_ 
which satisfy La{h) < oo. 

By Theorem 3 and an extrapolation we have the following. 

Theorem 4. Suppose Q £ ilogi(E) and h £ La for some a > 2. Then S is 
bounded on ^^(M") for all p £ (1, oo). 

It is noted in [5] that S is bounded on L^" , 1 < p < oo, ii fl E L"^ for some q > 1 
and h £ A2 (see [5^1 Corollary 4.5]). Theorem 4 improves that result. See [T51 ITB] 
for non-isotropic singular integrals S with h = 1 and also [3l [7l [9l [12] for related 
results. 

In Section 2, we prove Theorems 1 and 3. The proofs are based on the method 
of [5] . As in [14] , a key idea of the proof of Theorem 1 is to use a Littlewood-Paley 
decomposition depending on q for which G L'. Theorem 3 is proved in a similar 
fashion. Applying an extrapolation argument, wc can prove Theorems 2 and 4 from 
Theorems 1 and 3, respectively. We give a proof of Theorem 4 in Section 3. In 
Section 4, we prove an estimate for a trigonometric integral, a corollary of which is 
used in proving Theorems 1 and 3. 

Throughout this note, the letter C will be used to denote non-negative constants 
which may be different in different occurrences. 

2. Proofs of Theorems 1 and 3 

Let A* denote the adjoint of a matrix A. Then A^ = exp((log i)F*). We write 
Al = Bt. We can define a non- negative function s from {Bt} exactly in the same 
way as we define r from {>lt}. 

There are positive constants ci, C2, C3, C4, ai, Q!2, (3i and f32 such that 

ci\x\"' < r{x) < C2\x\"^ ifr(a;)>l, 
C3\xf'<r{x)<C4,\xf^- ifO<r(a;)<l. 

Also, we have 

di\^r < < d2\^r ifs(c)>i, 

dsl^l"' < s{0 < d^l^l'- ifO<s(0<l 

for some positive numbers di, d2, d^, d4, ai, 02, bi and 62 (see jl7)). These estimates 
are useful in the following. 

We consider the singular integral operator T defined in (1.1). Let Ej — {x £ 
M" : < r{x) < f3-'~^^}, where (3 > 2 and j G Z. We define a sequence of Borel 
measures {dj} on R" x by 

Jej 

where &j denotes the Fourier transform of aj defined by 

a,{^,v) = J e-2-«-'^)'(«''')>da,(a;,z). 
Then T/(x) = E-oo^fc*/W- 
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Let /ifc = \(Tk\, where \ak\ denotes the total variation of crfc. Let 17 e L^, ft, e As, 
q, s £ (1, 2]. We prove the foUowing estimates (2.1)-(2.5): 

(2.1) hkW < c(iog/3)||r!||ii|ft||A, < ciiogprniuwhu^, 

where ||afcl| = |afc|(R"+"); 

(2.2) \a,i^,rj)\<C\m,\\hUSP''^'siOy^'^\ 
where d — bi/ai; 

(2.3) < c{iogp)\\nuh\\A,{P's{Or'°^^'''"> 

for some eo > 0; 

(2.4) < Cilogmm,\\h\\AAP'siO)-'"/^i'^'\ 
where eq is as in (2.3); 

(2.5) \Mi,v)-fikio,v)\<c\M,\\h\\AAP''^'^m'^'\ 

where d is as in (2.2). 
First we see that 

(2.6) \Wk\\i= \h{r)\Midr/r<Ci\og/3)Mi\\h\\A,. 

From this, (2.1) foUows. Next, we show (2.2). Take ly e Z so that 2" < P < 2"+'^. 
Note that 

akitv) = I ^-2Mnr(x)),n) (^^--^M^^O _ i)h{rix))n{x')r{x)-^ dx. 

Thus 

(2.7) \iJk{^,v)\<C [ \x\\Bp.^\\h{(3''r{x))n{x')\r{x)-^dx 

Jl<r{x)<0 

<C^|B^.e|||17||i2^>^ / \h{p\)\drlr 

<Cf3'/'^^\B^,.m\\i\\h\W. 
Combining (2.6) and (2.7), we have 

(2.8) |afe(e,r;)| <C||r!||i||ft||A,min(log/3,/3i/"MV^l) • 
If s(B0fcC) < 1, then < C(/3'=s(0)i/^i . Therefore, 

min (log/3, < C(/3'=+'^s(0)^/''^ 

Using this in (2.8), we have (2.2). We can prove (2.5) in the same way. 

Next we prove (2.3). We use a method similar to that of [51 p. 551]. Define 

r(e) = n{e)e-^'''^^'^^ da{9). 

We need the following estimates. 
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Lemma 1. Let L be the degree of the minimal polynomial of P. Then, if < eo < 
a2^ Tain[l/2, q' / L) , we have 



0"^ 



'{BrOl' dr/r < C(log/3)(/?'=s(0)-'°/'' II^^H^, 



where C is independent of E L'^ , q G (1,2] and (3. 

In proving Lemma 1 we use the following estimate, which follows from the corol- 
lary to Theorem 5 in Section 4 via an integration by parts argument. 

Lemma 2. Let L be as in Lemma 1. Then, for ri,C, E M" \ {0} we have 



exp{i{BtT],C)) dt/t 



for some positive constant C independent of rj and C,. 

Proof of Lemma 1. Choose G Z such that 2'^ < (3 < 2''+^. Then, we have 



j \T{B,i)\' drlr<Y. I 



-{BrS.)V dr/r 



E 

3=0 



SxE \Jl 



exp {-2m{Bpk2,rS.. - w)) dr/r n{e)n{uj) da{9) da{uj) 



By Lemma 2 we have 

exp (— 27ri(i3^fc2Jr'fj ^ ~ ^)) dr/r 



<c\{Bp.2,^,p{e~u))\ \ 



where < e < 1/L. Using Holder's inequality, if < e < niin(l/(2(7'), we see 

that 



< 



\{Bpu2,S„P{e ~uj))\ \n{e)Vl{uj)\ da{e)da{uj) 

1/9' 



{p*B(,.2,te-u;)\ d<j{e)d<j{u;)\ wnf^ < c\Bp.2,^r\\n\ 



ExS 



|-e|lol|2 
9' 



where the last inequality follows from (3) of Section 1 (see p. 553]). Therefore 
(2.9) 

/ \T{BrO\'dr/r<Cm\iy2\Bp.2,^\-' {0 < e < mm{l/{2q'),l/L)). 
If s(B/3-cO > 1, \Bpk2j^\ > C'(/?'^2Js(^))i/'^2 (0 < j < J/). Thus we see that 
(2.10) l^/3^2.^r^ < E C(/?'2^'s(0)"'/'^^ < C(log/3)(/3^s(0)"^/'^^ , 

where C is independent of q. By (2.9) and (2.10) we have the estimate of Lemma 
1 when s{Bpk£/) > 1. If s{B/^k^) < 1, the estimate of Lemma 1 follows from the 
inequality |t(^)| < This completes the proof of Lemma 1. 
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Now, by Holder's inequality we have 



(2.11) \ak{^,v)\ = 



f e-2"<^('')'''>/i(r)r(B^0<^^A 



\h{r)\'dr/r\ \T{BrO\'' dr/r 




0'' , 

\ l/«' 



where we have used the estimate |r(^)| < to get the last inequality. By (2.11) 
and Lemma 1 wc have (2.3). The estimate (2.4) can be proved similarly. 

Let Bq, = (1 - /3-e«o/(9's'))-i^ ^here /3 > 2, 6» e (0, 1) and eo is as in (2.3) and 

(2.4) . To prove Theorems 1 and 3, we use the following: 

Proposition 1. Suppose that O e i^, q G (1,2] and h G Ag, s G (1,2]. Let 
\l/p - 1/2| < (1 - 0)/{s'{l + e)). Then, we have 

\\Tf\\, < C{logmh\\AAm,B,XJ^-'/^'\\\f\\,, 
where C is a constant independent of O, h, q, s and (3. 

Proposition 2. Suppose that F = 0. Let CI G L'^, h G Ag, q,s€ (1, 2]. Then, for 

pG (1 + 6*, (1 + 6')/6') we have 

\\Tf\\, < C(log/3)||n!|,||/.||A,B,^+l^/^-^/^'l||/||p, 
where C is a constant independent of Q, h, q, s and [3. 
To prove Propositions 1 and 2, wc need the following: 

Proposition 3. Let fi*{f ){x) = sup^ \fik * f{x)\. Let CI G L'', q e (1,2]. 

(1) If h G A(x), for p > 1 + 6 we have 

||M*(/)llp < C{\ogP)\\nUh\\A^B%P\\f\\p, 

where C is a constant independent of CI, h, q and (3. 

(2) Suppose that F = 0. Let h G A^, s G (1, 2]. Then, we have 

||/i*(/)||p<C(log/3)||n||,l|/.,||A„<P||./||p 
for p > 1 + 9 , where C is independent of Cl, q, h, s and (3. 

Proof Since the estimate ||At*(/)||oo < C(log/3)||n||i||/i||Ai||/||oo follows from (2.1), 
by interpolation, to prove (1) and (2) of Proposition 3 we may assume p G (1 + 2]. 
First, we give a proof of part (1). Define measures Vk on M" x by 

where ^'^(^,77) = 0k{i)fLk{Q,ri) with ipk{x) — (]^''''ip{Af}-kx),(p G . We assume 
that (f is supported in {r{x) < l},<f{0) = 1 and ip > 0. Then by (2.1), (2.4) and 

(2.5) , for q,s G (1,2], we have 

|%(^,r/)|<C(log/3)||n||,||/i||A,min (l, (/3*=+''s(0)^/'S (/?'=s(0)-^°/^^'''') • 
We may assume that eo is small enough so that eo/4 < I/61. Then, we see that 
(2.12) m^,v)\ < CAmin(l,(/j'=+''s(0)",(/3'=s(0)-") , 
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where A = (log/3)||illl,||/i||A^ and a = €o/{2q'). 
Let 

— oc / 

Then n*{f) < g{f) + ^*{\f\), where **(/) = sup^ ||*,| * f\. Let 
Mg{x)=supt-^ [ \9{y)\dy 

t>0 Jr(x-y)<t 

be the Hardy-Littlewood maximal function on M" with respect to the function r. 
By the LP boundedness of Mr and M, it is easy to see that < CA||/||p 

for p > 1. Thus to prove Proposition 3 (1) it suffices to show 

(2.13) \\g{f)\\p<CAB^/P\\f\\p (pe {1+9,2]), 

where A is as above and B = Bq2- By a well-known property of Rademacher's 
functions, (2.13) follows from 

(2.14) |lt/,(/)|l^<C^BVP||/||^ (pg(l + e,2]), 

where Ue{f){x, z) = Y1 ^ki^k * f{x, z) with e = {efe}, efe = 1 or —1 (the inequality is 
uniform in e). 

We define two sequences {rm}T ^"^^ {Pm^T by pi = 2 and 

111 1 61 1-61 
= - — , ~ o "I ■'■^'^ m > 1. 

Then, we have 

1 1 l-6» 

+ — tor TO > 1. 



Pm+l 2 2pr, 

Thus l/pm = (1 ~ '?'")/(l + 9), where r/ = (1 — 0)/2, so {Pm} is decreasing and 
converges to 1 + ^. 
For j > 1 we prove 

(2.15) imnWp^ <c,AB'/p^\\fi^. 

To prove (2.15) wc use the Littlcwood Palcy theory. Let {V'fc}!?oo ^ sequence of 
non-negative functions in C°°((0, oo)) such that 

supp(V'fe) c ir^-^r"^'], E^'^w' = 1' 

k 

\{d/dtyMt)\<c,/t^ (i = i,2,...), 

where Cj is independent of /? > 2. Define Sk by 

We write [/,(/) = ET=-Mf )^ ^^^re Uj{f) = EZ-oo ^kSj+W^k * Sj+k{f)). 
Then by Plancherel's theorem and (2.12) we have 

(2.16) \\Um\l<Y.^I! \i^k{^,r,)\^\f{^,r,)\^didri 



£)0+fe)xR"» 



<CAVin(l,r'(l^l-i-<^)")5: // m,v)?d^dr^ 
<CA^nAn (i,/3-2(UI-i-d)aj 



8 



SHUICHI SATO 



where D{k) = e 



< s(0 < By (2.16) we have 



(2.17) ||[/,(/)I|2<^|l[/,(/)||2<C^Amin(l,r 



(bl-l-d)Q 



a\-l I 



< C^(l -/?-") 

If we denote by A{m) the estmiate of (2.15) for j ~ to, this proves A{1). 
Now, we assume A{m) and derive A(to + 1) from A{m). Note that 

^*(/) < M*(i/i) + **(i/i) < 9{\fm + 2**(i/i), 

where iy*{f)ix) = sup^ ||z.fe| * f{x)\. Since ||.9(/)||p„ < CAB^/?'- by A(to), 
we have 

||^*(/)|Ip„ <CAS2/f."||/||p,„. 

Also, < by (2.1). Thus, by the proof of Lemma for Theorem B in ^ p. 
544], we have the vector valued inequality: 



(2.18) 



1/2 



< C{AB^/P"^ suplli^fcl 

k 



< CAB^/P" 



1/2 
1/2 



1/2 



By (2.18) and the Littlewood-Paley inequality, we have 



(2.19) 



< c 



\ k J 



1/2 



< CAB^^P" 



Here we note that the bounds for the Littlewood-Paley inequality are independent 
of /9 > 2. Interpolating between (2.16) and (2.19), we have 



Thus 



II [/,(/) ||p„+, <Cyli3(i-«)/^-min(l,/3-^"(l^l-i"'^)) ||/||,„^,. 



mmp,.,. <Y.\\w)\\p^+^ <cAB('-'^/p-ii- r'")-^^^^^^ 



< CAB^^P'"+' I 



llPm+l I 



which proves A(to + 1). By induction, this completes the proof of (2.15). 

Now we prove (2.14). Let p e (1 + 6*, 2] and let {pm}T be as in (2.15). Then we 
have Pn+1 < P i£ Pn for some N. By interpolation between the estimates in (2.15) 
for j = N and j = iV + 1 we have (2.14). This completes the proof of Proposition 
3(1). 

Part (2) of Proposition 3 can be proved in the same way. We take A = 
(log^)||r2||,||/i||A, and a = ea/{q's') in (2.12). Then, since 

||«'*(/)||p<C(log/3)||r!||i||/i||Aj|/||p forp> 1 

if r = 0, the proof of part (1) can be used to get (2.13) with A = (log/3)||r2||q||ft.||A, 
as above and B = Bgg, and the conclusion of part (2) follows from (2.13). □ 
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Proof of Proposition 1. To prove Proposition 1 we may assume 1 < s < 2. As in 
[1], here we apply an idea in the proof of [6l Theorem 7.5]. We consider measures 
Tk defined by 

Then, the Schwarz incquahty imphes 

(2.20) \ak*f\'<C{logP)\\hrAj\n\Un*\f\\ 
Define measures by 

Since e A,/(2_,) and \\\h\^-'U^,,,_^^ = iiu = s/(2-s) by Holder's 

inequality we have 

|t, * /I < c{\ogpY'-\\hr^;\\n\\\'^{Xu * |/r?/"'. 

Therefore, if 1 + 6* < r/u' = 2r(s — l)/s, by applying (1) of Proposition 3 to {A^} 
we see that 

(2.21) ||r*(/)I|. < C{\ogmh\?C\mX2\\f\\r^ 

where t*(/) = sup;, |Tfe * f\. Thus, if \l/v - 1/2| = l/(2r) < l/(s'(l + 9)), using 
(2.20), (2.21) and arguing as in the proof of Lemma for Theorem B in O p. 544], 
we see that 



(2.22) 



(^Wk*9k?)"^ <C(log/3)||/i||Aj|J^||,i?,'2^'' {^\9kf 



1/2 



We decompose Tf = E^-cx) ^i/' where V,J = S]+k {(^k * S^+kif))- 

Then, using (2.22) and the Littlewood-Paley theory, we see that 

(2.23) < C(log/3)ll/^llAj|f^||,i3,'2^ni/lk, 

where \l/v - 1/2| = l/(2r) < l/(s'(l + 9)). On the other hand, by (2.1)-(2.3) we 
have 

< C(log/3)11^211,ll/illA, min (l, (p'^+^siOT, ifi'mr'') , 
where k = eo/{q's'), and hence, similarly to the proof of (2.16), we can show that 

(2.24) <C(log/3)||/i||Aj|f^||,min(l,/3-(l^"|-i-'^)'^) \\fh. 

If ]l/p — 1/2| < (1 — 0)/(s'(l + 6*)), then we can find numbers v and r such that 
ll/z;-l/2| = l/(2r) < l/(s'(l + 6')) and 1/p ^ 9/2+{l-9)/v. Thus, interpolating 
between (2.23) and (2.24), we have 

lly,/l|,<C(log/3)||/.||Aj|f^||,B^2"''^/^min (l, ^ '(I^Vi-^)'.) ||/||^. 

Therefore 

(2.25) \\Tf\\, < J2 WVjfWp < C(log/?)||/.||Aj|J^||,i?^2"''/'-S,s||/||p. 

i 

This completes the proof of Proposition 1, since {1 — 9)/r = \l/p — l/p'\. 

Proof of Proposition 2. The estimates follow from Proposition 1, so on 
account of duality and interpolation we may assume that 1 + ^ < p < 4/(3 — 6'). For 
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po e (1 + 61,4/(3-6')] we can find r e (1 + 61, 2] such that 1/po = 1/2 + (1 - 6l)/(2r). 
If r = 0, by (2) of Proposition 3 and (2.1), arguing as in (2.18), we have (2.22) 
with Bq2 replaced by Bqs for the number v satisfying l/v — 1/2 = l/(2r) (note that 
1/Po = ^/2 + (1 — d)/v). Thus, arguing as in the proof of Proposition 1, we have 
(2.25) with p = po and Bqs in place of Bq2. This completes the proof of Proposition 
2. 

Now we can give proofs of Theorems 1 and 3. To prove Theorem 1, we may 
assume that 1 < s < 2. Let (3 — 2'' in Proposition 1. Then, since 9 is an arbitrary 
number in (0, 1), we have Theorem 1 for s S (1, 2]. 

Next, take /? = 2'' * in Proposition 2. Then, we have 

\\Tf\\,<c{q-i)-\s-i)-^\mq\\hum, 

for p e (1, oo), since (1 + 6,{1 + 6)/9) (1, oo) as 9 ^ Q. From this the result for 
S in Theorem 3 follows if we take functions of the form /(x, z) = k{x)g{z). 

3. Extrapolation 

We can prove Theorems 2 and 4 by an extrapolation method similar to the one 
used in [14j . We give a proof of Theorem 4 for the sake of completeness (Theorem 
2 can be proved in the same way). We fix p e (1, oo) and / with < 1. Let S 
be as in (1.2). We also write Sf = Sh,nif)- Put U{h,n) = \\Sh.n{f)\\p- Then we 
see that 

u{h, ill + < u{h, ni) + u{h, ni), 
^^■^^ u{hi + h2, n) < u{hi,n) + c/(/i2, n), 

for appropriate functions fi, ft-, ri2, hi and /12. Set 
Si = {r e M+ : \h{r)\ < 2}, 

E,n = {r e M+ : 2"-^ < \h{r)\ < 2"} for m > 2. 
Then h ~ J2m=i ^Xe„^- Put e„i — a{F„i) for m > 1, where 

Frn = {6* e S : 2™-i < \n{9)\ < 2"} for m > 2, 
Fi = {6* e S : \n{9)\ < 2}. 

Let rtm — f^X-Fm ~<''(^)~^ If ^ Then = J2m=i ^"i- Note that ftm da ~ 0. 
Applying Theorem 3, we see that 

(3.2) uihxE^M,) < c{q-i)-\s - ir'whxEjuAmu 

for aU s,q e (1, 2]. 

Now we follow the extrapolation argument of A. Zygmund [THl Chap. XII, pp. 
119-120]. For fc e Z, put 

E{k, to) {r e (2^ 2*^+1] : 2™"! < \h{r)\ < 2"} for m > 2, 
E{k, l) = {re (2^ 2*^+1] : < \h{r)\ < 2}. 

Then 

f \h{r)\'''"+^^/"'dr/r <Cm-'' [ \h{r)\ {\og{2 + \h{r)\) f dr /r 

JE(k,m) J E(k,m) 
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and hence 

(3.3) \\hXEJK+,,,„ < Cm-'^"/("+i)La(M"/'"+'^ 
for m > 1. Also we have 

(3.4) \\n,\\,+,/,<C2^ef'^'\ 
From (3.1)-(3.4) we see that 

U{h,n) < ^5]C/(/iX£„,%) <C^^jm|l/jXB„||A,+,/„ll%||i+i/, 

< Cil + La{h)) ^ ^mi-""/(™+i)j2^ef (■'■+^) 

m>l j>l 

= C(l + La{h)) I mi-™/("+i) I I ^ j2^ef (^+1) 

\m>l / \j>l 

When a > 2, it is easy to see that X]m>i m^~'""/(™+^) < cx). Also, we have 

J>1 ej<3-J ej>3-'' 



<C + C \n{0)\\og{2 +\n{9)\)da{9). 

Collecting the results, we conclude the proof of Theorem 4. 
Remark. For a positive number a and a function ft, on R+ , let 

m>l 

where dm{h) = supj,gg 2~'^|i?(fc, m)| (-E(fc, m) is as above). We define a class J^a to 
be the space of all measurable functions h on M.^ which satisfy Na{h) < oo. Then, 
it can be shown that if h G Ha for some a > 2, then h J^i. By a method similar 
to that used in this section, we can show the boundedness of 5* in Theorem 4 
under a less restrictive condition that h Q'Ni and il £ LlogL (see [14]). 

4. An ESTIMATE FOR A TRIGONOMETRIC INTEGRAL 

Let A be an n X n real matrix and 

(bA{t) ^{t~ jir^it - 72)"^ ...{t~ ^uT- 

be the minimal polynomial of A, where 7; 7^ 7^ if i ^ j. Let ai{t) ~ [t — 7^)™* for 
i = 1, 2, . . . , fc. Then, we can find polynomials bi{t) (i = 1, 2, . . . , fc) such that 



1 _Y^hi{t) 



For each i, 1 < i < fc, let be the polynomial defined by 

pm = ^0A(i). 

aiit) 

We consider the nx n matrices Pi{A), which are defined as usual (see [5]). 
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Let 



- {z e C" : {A - j.Er^z = 0} (z = 1, 2, . . . , fc), 



where E denotes the unit matrix. Then, the vector space C" can be decomposed 
into a direct sum as 

C ^Vi®V2®---®Vk. 

Each of the matrices Pi{A) is the projection onto V^; indeed, we have the foUowing 
(see [8]): Pi{A)z e for all z £ C", for i = 1, 2, . . . , /fc, and 

PiiA)+P2{A) + --- + Pk{A)=E, 

P^{A) = P,{A), P^{A)PJ{A) = lii^j {l<i,j<k). 

For z — (zi) and w — (wi) in C^, we write (z, w) = X^^Li ZiWi. Let 

m^ — 1 

(4.1) J{A, rj,0=J2T.\(^^- l^EyPM)v, A*C) \ 

i=l j=Q 

for 77, C G K"- In this section, we prove the following: 

Theorem 5. Let 77, ( e R" \ {0} and < a < b. Suppose that J{A, 77, C) 7^ and 

the numbers a, b are in a fixed compact subinterval of (0, 00). Then, we have 



exp (i(t^77,C)) dt 



<CJ{A,Tj,0-'^'', 



where N = deg (j)A = mi + m2 + ■ ■ • + mj, and the constant C is independent of rj, 
a and b. 

Since X]i=i -fi(^) = using the triangle inequality, we see that 

k 

\{V,A*0\ <J2\(P^{AHA*0\ < J{A,vX)- 

i=l 

Therefore, Theorem 5 implies the following: 

Corollary. Let ri,(^,a,b and N be as in Theorem 5. Then, we have 



exp (i(i^r7, 0) dt 



<ci(^77,c>r'/^ 



when {Arj, ^ 0. 



This is used to prove Lemma 2 in Section 2. 

We define the curve X{t) = t^'q for a fixed 77 e R" \ {0}. Then, E. M. Stein and 
S. Wainger p7] proved the following (see [HI [16] for related results): 

Theorem A. Suppose that the curve X does not lie in an affine hyperplane. Then 

l-b 



exp {i{X(t),0) dt 



<C\C\' 



-l/n 



where C is independent of Q £ R" \ {0}; furthermore, if a and b are in a fixed 
compact subinterval o/(0, 00), the constant C is also independent of a andb. 
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Now, we see that Theorem 5 implies Theorem A. Since Pi{A)z & Vi {z ^ C"), 
we have {A - -f^E)"^P^{A) = if m > (i = 1, 2, . . . , fc). Therefore 

exp{{logt)A)P,{A) = exp{{logt)j,E) exp((logt)(A - j,E))P,{A) 
= t'rrfi^^A-,.EyPM). 



3=0 



J'- 



Thus, using J2i=i ^i(^) = we see that 



(4.2) 



1=1 



P^{A). 



The assumption on X of Theorem A can be rephrased as foUows: the function 
'4>{t) = (t^r], is not a constant function on (0, oo) for every C G R" \ {0}. If ip{t) 
is not a constant function, then 'ip'{t) is not identically 0. Thus, since t{d/dt)ip{t) — 
{P^'q,A*C), by (112]) we have J{A,riX) > 0, where J(A,7?,C) is as in Let 
Co = min|^|=i J{A,ri,() and note that Co > 0. Then, from Theorem 5, it follows 
that 

exp{i{X{t),C)) dt 



<cc,'/''\C\ 



-1/N 



This implies Theorem A, since iV < n (in fact, it is not difficult to see that N = n 
if X satisfies the assumption of Theorem A). 

In the following, we give a proof of Theorem 5. Let / = [«,/?] be a compact 
interval in R. Consider the differential equation 

(4.3) + aiyC^-i) + aayC^-^) + • • • + a^y = on I, 

where ai, 02, . . . , are complex constants. Let {<^i, f2, • ■ • , </'fe} be a basis for the 
space S of all solutions of (|4.3p . Then, we use the following to prove Theorem 5. 

Proposition 4. Let ip be a real valued function such that if' G S . Suppose that 
if>' — diifi + d2(p2 + ■ ■ ■ + dkifk, where di, d2, . . . ,dk are complex constants, which 
are uniquely determined by ip' . Then, we have 



s^-^^*) dt 



< C {\d,\ + \d2\ + ■ ■ ■ + \dk\) 



-i/fe 



where C is independent of ip; also the constant C is independent of a, (3 if they are 
within a fixed finite interval of M. 

To prove Proposition 4 we use the following two lemmas. Both of them are 
well-known. 

Lemma 3. Let if be a solution of (|4.3p . Suppose that ip is not identically 0. Then, 
there exists a positive integer K independent of ip such that ip has at most K zeros 
in L . 

Lemma 4 (van der Corput). Let / : [c, d] — > R and f G C^{[c,(]\) for some pos- 
itive integer j , where [c,d] is an arbitrary compact interval in R. Suppose that 
inf„g[c,d] \{d/duy f{u)\ > A > 0. When j = 1, we further assume that f is mono- 
tone on [c, d] . Then 

l-d 



s*-^(") du 
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where Cj is a positive constant depending only on j. [See [171 118j ). 

We now give a proof of Proposition 4. We consider linear combinations ciipi + 

C2V2 H l-Ckfk, where ci, C2, . . . , Cfe G C. We write ■0 = ciipi + C2(p2 H \- Ckfk 

and define 



|ci| 



|C2| 



N2{^) ^mm(\i,{t)\ + \i,'it)\ 

■■ |C1| + |C2|+-- 



■ + |V/'=-i)(t)| 

Cfcl = 1}. We consider a function 



Let [/ = {(ci,C2, . . . ,Cfe) e C 
F on I X U defined by 

F{t, ci, C2, . . . , Cfe) = + \^P'{t)\ + ■■■ + li^^'-'Ht)]- 

Then, the function F is continuous and positive on / x [/ (see [4]). Thus, if we put 

Co = min F(i, ci, C2, . . . , Cfe), 

(t,ci,c2,...,cfc)e/x;7 

then we see that Co > and ^2(V') > CoiVi(V')- 
Therefore, if ip is as in Proposition 4, we have 

(4.4) min(|^'(t)| + |¥."(t)| + ... + |^W(t)|) > CoiVi(v:'')- 

By (|4.4p . for any t ^ I, there exists G {1, 2, . . . , fc} such that 

|(dM)V(^)l > C7Vi(¥''), C* > 0. 

Applying Lemma 3 suitably, we can decompose / = ^m=i-^rn, where H is a positive 
integer independent of f and {/,„} is a family of non-overlapping subintervals of / 
such that for any interval Im there is G {1, 2, . . . , k} satisfying |(d/dt)^™v3(i)| > 
\{d/dtyip{t)\ on Im for all j € {1, 2, . . . , /c}, so \{d/dtY"'ip{t)\ > CNi{(p') on 
and such that tp' is monotone on each I„i. Therefore, by Lemma 4 we have 

H 

<C^min(|/„|,iVi(^')"'^'") 

m— 1 

Since Ni{(p') = \di \ + \d2\ + ■ ■ ■ + \dk\, this completes the proof of Proposition 4. 

Proof of Theorem 5. By the change of variables t = e" and an integration by 
parts argument, we can see that to prove Theorem 5 it suffices to show 







H 


/ e'f^'^ dt 




y / e'^^'Ut 


J a. 







(4.5) 



exp(z(e*'^r/,C)) dt 



<CJ(A??,C)-'/^ 



for an appropriate constant C > 0, where [a, P] is an arbitrary compact interval in 
R. Let ip{t) = (e*^ry,C). Then, ip'{t) = {e*'^r],A*Q, and hence, by jOl) we have 

k 7ni — 1 

where 

It is known that N functions Pe''^* (0 < j < — 1, 1 < i < fc) form a basis 
for the space of solutions for the ordinary differential equation of order N with 
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characteristic polynomial (f>A (see [4|). Thus, the estimate (|4.5p immediately follows 
from Proposition 4, since J2i=i J2]llo^ |cjj(»7:C)l ~ JiAvX)- 
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